Optimum dimensions of plate fins for
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Optimum dimensions of the fin for the fin—tube heat exchangers are determined in this
study for both rectangular and equilateral triangular arrays of tubes. Maximum heat
dissipation is obtained for a particular value of pitch length or fin thickness for a fixed fin
volume. The optimization is done by the classical derivative method. Based on the mathe-
matical analysis, design curves have been constructed for the design of optimum fins.
Finally, it is verified that the concept of equivalent annular fin can be extended to calculate

the optimum fin dimensions. © 1997 by Elsevier Science Inc.
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Introduction

Fin tube heat exchangers are employed for the exchange of heat
between a gas and a liquid. These heat exchangers have extensive
applications in refrigeration, HVAC systems, and as automobile
radiators. Integral fin—tube geometry is also often selected as the
design of dry coolers of power plants and process heat exchang-
ers in the chemical industry. Poor heat transfer of the gas side is
improved by attaching fins to the outer periphery of the liquid
carrying tubes. Although certain designs employ individual cir-
cumferential fins for each of the tubes, in most applications,
continuous fin sheets pierced by regular arrays of tubes are used.
The latter arrangement is not only simple and economic, but also
increases overall rigidity of the structure. The augmentation of
heat transfer is associated with the increased volume, weight, and
cost of the heat exchanger because of the addition of fins.
However, tube spacing and fin thickness can be selected opti-
mally so that maximum heat can be transferred for a given fin
volume. Although optimization of individual fins has been inves-
tigated extensively (Krauss 1988; Aziz 1992) rarely has any effort
been spent to optimize the design of integral plate fins. This is
mainly because the temperature profile in an integral plate fin is
essentially two-dimensional (2-D), and the temperature distribu-
tion cannot be obtained analytically.

Analysis of heat dissipation from the integral plate fin has
been addressed in the past. Zabronsky (1955) determined the
temperature distribution and efficiency of square fins around
circular tubes in heat exchanger application. However, in his
analysis, the adiabatic boundary condition at the fin edge has
been satisfied exactly; whereas, the isothermal condition at the
fin base has been satisfied only approximately.

On the other hand, Sparrow and Lin (1964) adopted a semi-
analytical approach to solve the heat transfer equations in the
fins and fin tube heat exchangers. Their analysis is applicable for
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both square and equilateral triangular arrays of tubes, which
implies square and hexagonal circumferential fins around the
fluid carrying tubes, respectively. Their solution has satisfied the
isothermal boundary condition at the tube surface exactly. The
adiabatic condition at the outer periphery of the fins has been
satisfied approximately, but not to a desirable degree of accu-
racy. They observed the plate fin to be more efficient when the
tubes are arranged in equilateral triangular arrays. They have
further compared the performance of the square and hexagonal
fins via-a-vis the performance of equivalent annular fins and
found a marked derivation between efficiencies of polygonal fin
and equivalent annular fin when (r¥ /r,) approaches unity.

Shah (1985) described an approximate method, referred to as
“Sector Method,” for determining the efficiency of plate fins. In
this method, the fin is divided into a large number of small
sectors. The approximate efficiency of each sector is determined
from the efficiency curves already available for annular fins.
Finally, the weighted average of the sector efficiencies gives the
fin efficiency.

Kuan et al. (1984) numerically determined the efficiency of a
variety of polygonal fins circumscribing tubes of different regular
geometry. They found that for most combined tube and fin
geometry, the efficiency can be calculated analytically, replacing
the actual fin by an equivalent annular fin of the same surface
area.

In the present paper, a method is described to find the
dimensions of optimum plate fins that will maximize the heat
dissipation for a given fin volume for different array arrangement
of circular tubes. For the estimation of heat flux, the method of
Sparrow and Lin (1964) is followed. The heat dissipation is
expressed in terms of dimensional parameters of the fin geome-
try. Finally, the classical method of derivative is used to arrive at
the optimum fin dimensions.

Analysis

In fin—-tube heat exchangers, the tubes are most commonly
arranged either in a square or in an equilateral triangular array,
as shown in Figure 1. In such arrays, the heat from a particular

0142-727X/97/$17.00
Pl S0142-727X(97)00029-5



Dimensions of plate fins for fin tube exchangers: B. Kundu and P. K. Das

o z,

v Symmetric Heat

Tronsfer element

Nl ALl

F-— 2s ——-t’———'ls—«‘
Figure 1 Tube arrangements in fin tube heat exchangers;

(a) equilateral triangular array of tubes; (b) square array of
tubes

tube is dissipated by a square or a hexagonal module of the plate
circumscribing the tubes, respectively. In either case, a recurring
section of the plate fin can be taken for the analysis of heat
transfer. This section is basically a triangular sector with known
isothermal condition at the fin base and adiabatic condition

Figure 2 A symmetric section for heat transfer in plate fin

existing at the other boundaries. Figure 2 depicts the section of
the fin, with ¢, being 7 /4 and = /6, respectively, for square and
equilateral triangular arrays of tubes. Considering a negligible
temperature gradient normal to the fin surface for steady-state
condition, the differential equation of heat transfer for the fin
section can be written in nondimensional form as

Notation

Bi Biot number, based on fin base radius [ = (hr;/k)]

C, constant

h heat transfer coefficient

I(Z) modified Bessel function of first kind of order » and
of argument Z

j discrete boundary point (=1,2,3,..., p)

k thermal conductivity of fin material

K,(Z) modified Bessel function of second kind of order n
and of argument Z

n an integer

p total number of discrete points

Q heat dissipation rate

o* dimensionless heat dissipation {=[Q/2kr;o(T,, —
)

o ideal heat dissipation rate

; dimensionless ideal heat dissipation

{= [Ql/2krz¢0(Tw - Ta)]}

optimum heat dissipation rate

optimum dimensionless heat dissipation {=[Q,,/

2kr;bo(T,, =TI

r radial position of any point in the fin measured from
the tube center

r; radius of the tubes

R r/r;

r¥ outer radius of equivalent annular fins

8 e a6 110% [Bi R m
i 5 [R5 7

s half-pitch length

S dimensionless half-pitch length [= (s /r;)]

t half-fin thickness

T half-thickness of the fin in dimensionless form [=
(t / I ,)]

T fin temperature

T, temperature of the surround gas medium of the fins

fopt optimum half-thickness of the fins in dimensionless
form

Topt optimum dimensioniess half-thickness of the fins in
dimensionless form [= (topt /r)l

T, fin base temperature

V fin volume

V* dimensionless fin volume [= (V/r})]

V, fin volume of triangular sector

VX dimensionless fin volume of triangular sector [=
(I/s Vis ,‘3)]

Z, parameter (= yBi/T)

zZ, parameter [=(Z,S /cos $;)]

Greek

0 dimensionless temperature [=(T" — T,) /(T,, — T,)}

A Eigen values or characteristics values [= (nw/dg)]

) angular position of any point in the fin

by angle of triangular sector is shown in Figure 2
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The heat dissipation is assumed to be solely caused by convec-
tion. In an actual heat exchanger, radiative heat transfer also
occurs. The radiative exchange is rather complex. It depends
upon the size, arrangement, and spacing of the tubes, the dis-
tance between two successive fin plates, gas property, and surface
and gas temperatures. However, in the case of low-temperature
applications typical to fin—tube heat exchangers, analysis is done
assuming convective dissipation only (Zukauskas 1981), because
the radiative heat exchange is negligibly small.

Furthermore, the thermal conductivity of the fin material, the
convective heat transfer coefficient, and the temperature of the
surrounding fluid medium are taken as constants. The differen-
tial equation is subjected to the following nondimensional
boundary conditions.

at R=1 06=1 (0<d<0) )
(3]
at d=0 £=0 (1<R<S) 3)
o 2o (1sRe— @
at b =0, ﬁ“ = SCOSd)O
a0 S
at 0<dp=<d, m=0 SsRscOS(b (5
0

where N is normal to the boundary.

Following the analysis of Sparrow and Lin (1964), Equation 1
can be solve with boundary conditions 2 to 4 to get the tempera-
ture profile:

-1

5)

0(R,d) = C,,cos(——

©6)
where C, is a constant, and
\ nt P
do
Heat flow rate is given by
by a6 ]
= —2tk (T, -T)|—= d ®
e j:b=0 [ OR | g, ¢
Q Bl C0[10(Z0)K1(Zo) +K0(Z())11(Z())] —II(ZO)
= = ——
Z, 10(Zy)
1C))
where
V4 B 10)
o=V T
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Heat dissipation from the fin is, therefore, dependent on two
parameters; namely, T and C,. C, cannot be determined explic-
itly. Exploiting boundary condition (5), we get:

p-l [K\(ZDI(Zy) = K(Z)(Z))]
ngoc,,cos )\¢j{ 1(Zo) }
A1 + tan ¢;tan Ad))
. Z.
_ LZ)K, (2 + 1, ((Z)K\(Zy) _ 1(Z))
K(ZDI(Z) —K(ZPI(Z) | | 1(2Zy)
(11)
where
_ L8 12)
' cos b,

For p discrete values of ¢; from 0 to ¢, p linear equations are
obtained from Equation 11. C;, can be determined by solving
these simultaneous equations. It should be noted at this point
that C, is a sole function of the fin geometry and depends upon
the choice of fin half-thickness 7 and half-pitch length § be-
tween the tubes.

Heat dissipation from an infinitely conducting fin can be
determined readily,

* Bi 2
Qi = 2—4);(5 tan d)(] - ¢0) (13)
Therefore,

Fin efficiency:

*
n= % 14)

Maximum heat dissipation for a given fin volume

From Equation 9, it can be seen that the rate of heat dissipation
from the fin surface depends on C, and T. It has been shown
further in the previous section that C, is a function of both T
and S. However, for a constant fin volume, these two parameters
are uniquely related:

V* = T(S$*tan b, — by) (15)

and

V* = —Z—EV* (16)
by

Under the constraint of constant fin volume, only one of the two
parameters of fin geometry can be varied independently. In the
present exercise, half-thickness of the fin 7 has been taken as
the independent variable. Therefore,

*
5= / &o(1+V*/2nT) an
tan ¢,
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Now S can be eliminated from Equation 12 using the above
relationship, and ultimately, C, can be obtained from Equation
11 as a sole function of T for a constant fin volume V'*.

For maximum heat dissipation from the fin,

dO* [ Zy[1(Zy)K\(Zy) + 1,(Zy)Ko(Z,)]
dr 1,(Z,)
L(zy) Tg&
1,(Z,) dT
z, I(Zy) Lz
iy /0,1 kil = 1
+= {ZO 2[10(20)] ZO[IO(ZO)] 0 as)

The above equation is a nonlinear, nonhomogeneous algebraic
equation can can be solved by an iterative technique. It has been
solved by the Newton—Raphson method as elaborated in the
Appendix. The solution gives the unique value of the fin thick-
ness for a given constant fin volume V*. This optimum half-fin
thickness can now be substituted in Equation 17. Carrying out
the differentiation of Equation 18, we get

CoZ,
. + —

d2Q* ~ {(z_g) U ZDK(Zy) + I(Z)K(Z)] }

dar? |\ 4T 1(Z,)
1(Z) 1 C, dCo\[1(2)
'{ZC"Z“[IO(ZO) (ﬁJr—dF) 1,(zZy)
ooz 4 8T 95 4T? d2C,
TS5tz ar Tz, are
[ 1,(Z,) nzy) 1 1(Zy)
__IO(ZO)]{ZZO[IO(ZO) *{Z+D Io(Zo)
27,42 = % _, (20)
P2z )} - (59

It has been confirmed that the expression above has a negative
value for the optimum value of T obtained from Equation 18.

Results and discussion

Equation 18 has been solved numerically for different fin vol-
umes and Biot numbers. Fin geometry for both square and
triangular arrays of tubes have been considered. Results are
summarised below.

Heat dissipation from hexagonal fins as a function of plate
thickness is depicted in Figure 3a and b for typical parametric
ranges. For a fixed fin volume, heat dissipation increases with
plate thickness, reaches a well-defined maximum, and then falls
gradually. It can be noted further that, although the heat dissipa-
tion is insensitive to fin volume at lower values of plate thickness,
there is an optimum plate thickness that maximizes the heat
dissipation for a particular fin volume. Moreover, the optimum
plate thickness increases with the fin volume.

The influence of Biot number on the performance of hexago-
nal fins can also be understood by comparing Figure 3a and b.
Although, with the increase of Biot number, the nature of the
curves remain the same, the optimum plate thickness increases
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Figure 3 Variation of heat dissipation with fin thickness for
hexagonal array of tubes

for a particular fin volume. This increase in the optimum plate
thickness is also associated with increased heat dissipation.

As with hexagonal fins, maximum heat dissipation in the case
of square fins occurs for a well-defined optimum plate thickness
for a given fin volume. This is graphically represented in Figure
4a and b. From these two figures, it can also be noted that an
increase of Biot number has the same effect on the optimum
dimension of the square fins as has been observed in the case of
hexagonal fins.

In the present analysis, the optimum fin thickness has been
determined from Equation 18 for a fixed fin volume. The exis-
tence of optimum fin dimensions for a given fin volume can be
demonstrated alternatively by studying the variation of heat
dissipation with the half-pitch length S. In this case, the deriva-
tive of heat dissipation given in Equation 9 has to be taken with
respect to S, and an equation similar to Equation 18 will be
obtained. This is not shown here, but the results are presented in
Figure 5a and b for square and hexagonal fins, respectively, for a
Biot number of 0.1. In the figure, the loci of the optimum
half-pitch lengths for different fin volumes is shown by dotted
lines. Comparing Figure Sa with Figure 4b and figure 5b with
Figure 3b, it can be seen that, for a particular fin volume, the
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Figure 4 Variation of heat dissipation with fin thickness, for
square array of tubes

optimum pitch length is related to the optimum fin thickness
through Equation 17.

Next, plots have been generated for arriving at the optimum
design of integral fin tube assembly for both in-line and stag-
gered arrangements of tubes. The families of curves presented in
Figure 6 can be used as a guide for designing square fins. Once
the required heat duty for a square fin is fixed, the Biot number
must be determined. For this, & should be estimated from the
prevailing convective conditions, and k and r; should be avail-
able. Known values of heat dissipation and Biot number fix the
design point of the desirable fin on the plane of Figure 6. From
the design point, both the optimum fin thickness and correspond-
ing fin volume can be obtained directly. From these two pieces of
information, the optimum pitch length and fin efficiency can be
calculated using Equations 17 and 14, respectively. Similar design
plots for hexagonal fins are provided in Figure 7.

For many years, it was common design practice to replace the
polygonal fin of a plate fin heat exchanger by an equivalent
annular fin (Threlkeld 1970) of the same volume. By this simplifi-
cation, an approximate, but analytical, expression of fin efficiency
can be obtained. Sparrow and Lin (1964) reported parametric
ranges where there is a large deviation between the performance
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0.06
of the equivalent annular fin and the actual plate fin. They also Biz0.1 //"-
noted this deviation to be greater in the case of the square fins, 0.05 | 7
as compared to hexagonal fins. Kaun et al. (1984) observed that gl
the concept of equivalent annular fin yields accurate results for s
most of the combination of tubes and fins of regular shape, 0.04 Vi
except for the case of very elongated symmetric elements. In the yat
present work, an effort was made to verify whether the concept 0.03 | ,/’
of equivalent fin can be extended to calculate the optimum fin § * ya
dimensions. v i annular
By definition, an equivalent annular fin has the same volume 002 v £  e=-- square
as the actual fin. Conventionally, because the thicknesses of both
the fins are taken to be identical, an equivalent fin has the same
surface area as the actual fin. However, in the present case, 0.01 |
although the constancy of volume between the actual and equiva-
lent fin has been maintained, their thicknesses have not been
take to be the same. For a particular fin volume, optimum 0.()00 00 ; — —L L
dimensions for the actual fin and the annular fin have been * 0-20 0.40 ‘0'60 0-30 1.00
determined. v

Brown (1965) has expressed the total heat dissipation from
the annular fin as a function of the thickness and the volume of
the fin. Optimum thickness for the annular fin has been obtained
using Equation (3) of Brown, applying the classical derivative

Figure 8 Comparison between optimum square and annu-
lar fins of same volume; (a} variation of maximum heat
dissipation with volume; (b) variation of optimum thickness
with volume

Table 1 Comparison of different optimum fins of identical volume for Bi=0.1

Square fin Hexagonal fin Annular fin

v* Topt Q:pt n Topt Q’;pt n Topt a:pt mn

0.1 0.0127 0.0351 0.5605 0.01323 0.0363 0.6031 0.0133 0.0365 0.6102
0.3 0.0261 0.0526 0.5759 0.02672 0.0538 0.6016 0.0268 0.0539 0.6053
0.5 0.0363 0.0636 0.5798 0.03690 0.0647 0.6000 0.0370 0.0648 0.6027
0.7 0.0450 0.0720 0.5815 0.04560 0.0731 0.5987 0.0457 0.0733 0.6010
0.9 0.0527 0.0791 0.5824 0.06337 0.0802 0.5977 0.0534 0.0804 0.56996
1.0 0.0564 0.0822 0.5827 0.05700 0.0834 0.5972 0.0571 0.0835 0.5991
1.2 0.0632 0.0880 0.5830 0.06386 0.0892 0.5964 0.0634 0.0893 0.5981
1.4 0.0697 0.0932 0.5832 0.07029 0.0944 0.5956 0.0704 0.0946 0.5972
1.5 0.0728 0.0957 0.5833 0.07336 0.0969 0.5953 0.0734 0.0970 0.5968
1.8 0.0815 0.1025 0.56836 0.08215 0.1036 0.5944 0.0822 0.1038 0.5958
2.0 0.0871 0.1066 0.56834 0.08768 0.1078 0.5939 0.0877 0.1080 0.5952
2.2 0.0924 0.1105 0.5833 0.09299 0.1117 0.5934 0.0931 0.1118 0.5941
25 0.0999 0.1161 0.6832 0.10063 0.1172 0.5927 0.1007 0.1173 0.5939
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technique, as has been done for the plate fins in the present
work under the constraint of constant volume. Results of this
exercise for the square fin and equivalent annular fin are shown
in Figure 8a and b for a Biot number of 0.1. From Figure 8a, it
can be seen that an optimum annular fin dissipates more heat
than the optimum square fin for the same fin volume, although
the difference in the rate of heat dissipation is only marginal.
Figure 8b compares the optimum thickness of square and equiva-
lent annular fins. From the last two figures, it is evident that
optimum square fins can be designed taking the dimensions of
equivalent annular fins without much loss of accuracy. It has
been verified further that the performance of the optimum
square fin can be approximated by that of an equivalent annular
fin, even for other Biot numbers.

A similar exercise of comparison between an optimum hexag-
onal fin and equivalent annular fin have begun. From the results
of Table 1, it can be seen that the dimensions and performance
of actual hexagonal fins are better approximated by equivalent
annular fins compared to square fins.

Conclusion

In this study, a method was developed to determine the optimum
dimension of the plate fins of a fin tube heat exchanger. Two
common arrangements of tubes; namely, square and equilateral
triangular arrays, were considered. However, this method can be
employed for other arrays of tubes and also for individual polyg-
onal fins circumscribing a circular tube.

It can be seen that, even under the optimum design condition,
more heat is dissipated by the fin surface for a fixed fin volume
when the tubes are arranged in an equilateral triangular array.
Finally, it was demonstrated that optimum fin dimension can be
calculated from the concept of equivalent annular fin sacrificing
little accuracy.
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Appendix

The Newton—Raphson technique is applied to determine the
optimum value of plate thickness from Equation 18. The plate
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thickness is obtained from the following general expression

T,
T AT,)

m+1 = m—f;(Tm) (Al)

where the subscripts denote the value at a particular iteration.
From Equation 18

V4
(T) = {—O[IO(Z[,)KI(ZO) + I,(ZO)KO(ZO)]}

1n(Zy)
CoZy [ 1(Zy) dc,
'{C°+ 2 [10(20)]+Tﬁ}
Z, 1(Zy) 1(Zp 1

+7{Zo_2 IO(ZO):| _Z() m] } (A2)
and
v [ 23N Us(Z)KA(Zy) + I(Zo)K(Z,)]
f(T)'{ 4_) 1(Z,) }

Lac,z,| DD 2+4T Co , 4G} | 1{Zy)
020 1.(Z) (ﬁ d_T) 1,(Z,)

oz 8T dC, 4T? d2C,
%tz ar Tz, At

1(Z 1(zy) 1
_ 1( 0) 220 1( 0)

1(Z,) 1,(Z,)

1(Zy) 2

+(Zo+1)[10(zo)]—(220"’2_2_0)}

%, (A3)
_(T_ )

Knowing the values of C, and (dC,/dT), f(T) can be evalu-
ated. Cy can be determined for known values of V* and an
estimated value of T from Equation 11, as explained earlier.
Next, Equation 11, must be differentiated with respect to T,
which gives

Pl Acos A (1 tan A,
ch{[ cos A, ( +Zt1an¢ltan ¢,)]

n=0

[ I)\(ZO)K)\(Zl) _I}‘(Zl)K)\(Zo) ]}

1(Zy)
2T dC,
Z,C, dT
Zo@V* +To) 1 -N) I, (Z,)
TZ?tan ¢ocos ’d; I(Zy)

| A (ZK\(Z) + I(Z K, 1 ((Zy)
I)\(ZO)K)\(Zl) _I)‘(Zl)K)‘(Z())
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Zy@V* + Tdy)
TZ tan $ycos* b

) WNZ)K,  (Z)) + 1, (Z)K(Zy)
I)‘(Zo)K)‘(Zl) —I}\(ZI)K)‘(ZO)

p-1
-y C,,{cos A

n=0

'[IA(ZO)K)\+1(ZI) +1,,(Z)DK(Zy) ]}

2T dC, §L,(Zy) Zy@V*+Tdg)1+1\)

L(Zy)

Z,C, dT L(Zy) TZ?tan dycos *d,

Z,2V* + Téy)
TZ tan dycos *¢;
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. I)\(ZO)K)\(ZI) _I)\(Zl)K)‘(Z())
INZPK, (Z) + 1, (ZDK(Zy)

1x+ 1(21)Kx+1(20) - Ix+ I(ZO)K}\+1(ZI)
I(Z)K,,(Z)) + 1, (Z)K\(Z,)

Z,QV* + Téy)
 TZ,tan dycos ¢,

Ig(Zl)_ I(Z)
I(Zy)  ZI(Zy)

I(ZDI(Z,)
1(ZP1y(Z,y)

(A4)

This system of p equations contains C, and (dC,/dT), where
n=0,1,23,...,p—1, with known values of C,. Therefore,
(dC,/dT), hence (dC,/dT) can be determined.

The expression of f'(T) contains (dC,/dT?) in addition to
C, and (dC,/dT). For determining (d*C,/dT?) Equation A4
must be differentiated, and the methods described above must be
repeated.
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